




















AD-NILPOTENT IDEALS OF A PARABOLIC
SUBALGEBRA
CÉLINE RIGHI
Abstrat. We extend the results of Cellini-Papi ([CP1℄, [CP2℄)
on the haraterizations of ad-nilpotent and abelian ideals of a
Borel subalgebra to paraboli subalgebras of a simple Lie algebra.
These haraterizations are given in terms of elements of the ane
Weyl group and faes of aloves. In the ase of a paraboli sub-
algebra of a lassial simple Lie algebra, we give formulas for the
number of these ideals.
1. Introdution
Let g be a omplex simple Lie algebra of rank l. Let h be a Cartan
subalgebra and ∆ the assoiated root system. We x a system of
positive roots ∆+. Denote by Π = {α1, . . . , αl} the orresponding set
of simple roots. Let V be the Eulidian spae
∑l
k=1Rαk. For eah
α ∈ ∆, let gα be the root spae of g relative to α.







An ideal i of pI is ad-nilpotent if and only if for all x ∈ i, adpIx is
nilpotent. Sine any ideal of pI is h-stable, we an dedue easily that




gα, for some subset Φ ⊂ ∆
+ \∆I .
The purpose of this paper is to haraterize and to enumerate ad-
nilpotent and abelian ideals of a paraboli subalgebra.
When I = ∅, p∅ is a Borel subalgebra of g. Peterson proved that the
number of abelian ideals of p∅ is 2
l
. Motived by this result, Cellini-
Papi, Kostant, Panyushev, Sommers and Suter among others studied
ad-nilpotent and abelian ideals of a Borel subalgebra.
In their artiles [CP1℄ and [CP2℄, Cellini-Papi established dierent
haraterizations of the set I of ad-nilpotent ideals of a Borel subal-
gebra. They onstruted a bijetion between I and ertain elements
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of the ane Weyl group Ŵ assoiated to ∆, whih we shall all ∅-
ompatible. These ∅-ompatible elements are in turn haraterized by
elements of the oroot lattie. They established also, when g is of
lassial type, a orrespondene between ad-nilpotent ideals of g and
some diagrams. We extend here their theory to the ase of paraboli
subalgebras.
Fix I ⊂ Π, we establish a bijetion between ad-nilpotent ideals of pI
and what we all I-ompatible elements of the ane Weyl group Ŵ .
We identify Ŵ with the group of ane transformations Waff dened
in [Bo℄ and we give a haraterization of the I-ompatible elements
via the dimension of the intersetion of the image of the fundamental
alove assoiated to Waff with some ane hyperplanes of V .
Using this result, we obtain an identity (theorem 4.7) whih gener-
alizes the result of Peterson. This identity links the number of abelian
ideals and the oeients of the simple roots in the highest root of ∆.
This allows us to onlude that if g is of type A or C, the number of
abelian ideals of pI is 2
l−♯I
. It also explains why this result does not
hold in general.
On the other hand, the enumeration of ad-nilpotent and abelian
ideals of pI , when g is of lassial type, is obtained using the dia-
grams given in [CP1℄, modied, by deleting some rows and olumns
and grouping together some boxes, aording to the type of g. The
formulas obtained depend on the deomposition in onneted ompo-
nents of I. Note that the formulas obtained when g is of type A or C
are nier than the ones obtained when g is of type B or D (theorems
4.7, 5.12 and propositions 5.18, 5.20).
This paper is organized as follows : in setion 2, we reall some
results on the ane Weyl group. In setion 3, we give dierent har-
aterizations of I-ompatible elements of Ŵ . The study, in setion
4, of the volume of the intersetion of some ane hyperplanes on V
gives the results stated above on abelians ideals. Setion 5 deals with
the enumeration of both ad-nilpotent and abelians ideals when g is of
lassial type, using diagrams. We give some remarks onerning the
exeptional ases and the relations with antihains in setion 6.
Aknowledgment. The author would like to thank the referee for
her/his omments and remarks, and in partiular for indiating the
orret approah to the proof of Proposition 4.1.
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2. Generalities on the affine Weyl group
We shall onserve the notations given in the introdution. In this
setion, we shall reall some basi fats on the ane Weyl group asso-
iated to ∆. In partiular, we need to reall two dierent realizations
of this group. See [Bo℄, [CP1℄ and [K℄ for more details.




denote the orresponding oroot. Denote by Q∨ the oroot lattie of
∆.
Let W denote the Weyl group assoiated to ∆. We shall realize
the ane Weyl group as a group of automorphisms of the ane root
system assoiated to ∆. Let V̂ = V ⊕ Rδ ⊕ Rλ. We extend the above
bilinear form on V to a non-degenerate symmetri bilinear form on V̂ ,
also denoted (., .), by setting :
(λ, λ) = (δ, δ) = (λ, V ) = (δ, V ) = 0 and (δ, λ) = 1.
Let ∆̂ = ∆ + Zδ be the set of (real) ane roots. We x the following
positive root system ∆̂+ = (∆+ + Nδ) ∪ (∆− + N∗δ). We shall write
α > 0 (resp. α < 0) if α ∈ ∆̂+ (resp. if α ∈ ∆̂− = −∆̂+). Let θ be
the highest root of ∆, then Π̂ = {α0 = −θ+ δ, α1, · · · , αl} is the set of
simple roots for ∆̂+.
Note that for any element β + kδ ∈ ∆̂+, we have (β + kδ, β + kδ) =






for x ∈ V̂ . The ane Weyl group Ŵ is the subgroup of Aut(V̂ ) gener-
ated by {sα; α ∈ Π̂}. Observe that w(δ) = δ for all w ∈ Ŵ , sα(λ) = λ,
for all α ∈ Π and sα0(λ) = λ−
2
‖θ‖2
α0, where ‖θ‖ =
√
(θ, θ).
Let τ ∈ Q∨, we dene the endomorphism tτ of V̂ by :
tτ (x+ aδ + bλ) = x+ aδ + bλ+ bτ + (
b
2
(τ, τ)− (x, τ))δ(1)
for x ∈ V and a, b ∈ R. Let S = {tτ ; τ ∈ Q
∨}, then the group Ŵ is the
semi-diret produt of S by W .
Consider the Ŵ -invariant ane subspae
E = {x ∈ V̂ ; (x, δ) = 1} = V ⊕ Rδ + λ.
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Let π : E → V be the projetion ax+ bδ + λ 7→ ax and
i : V → E
v 7→ v + λ
For w ∈ Ŵ , we set w = π ◦ w|E ◦ i. The map w 7→ w denes an
injetive morphism of groups from Ŵ to Aut(V ). We shall identify Ŵ
with its image Waff under this map.
For α ∈ ∆, sα is the reetion sα on V assoiated to α, and for
τ ∈ Q∨, tτ is the translation Tτ by the vetor τ on V . For α ∈ ∆
+
,
k > 0, x ∈ V , we obtain that
s−α+kδ(x) = x− ((x, α)− k)α
∨ = Tkα∨ ◦ sα(x)
sα+kδ(x) = x− ((x, α) + k)α
∨ = T−kα∨ ◦ sα(x).
Thus s−α+kδ and sα+kδ are the orthogonal reetions with respet to
Hα,k = {x ∈ V ; (x, α) = k} and Hα,−k respetively. It follows that
Waff is the semi-diret produt of W by the group of translations Tτ ,
τ ∈ Q∨.
Observe that for v ∈ W , τ ∈ Q∨, α ∈ ∆ and k ∈ Z, we have
vtτ (Hα,k) = Hv(α),k+(τ,α).
Reall that the onneted omponents of the omplement in V of⋃
α∈∆,k∈ZHα,k are alled aloves. The group Waff ats simply tran-
sitively on the set of aloves. We denote
C = {x ∈ V ; (αi, x) > 0 for all αi ∈ Π}, A = {x ∈ C; (θ, x) < 1}
respetively the fundamental hamber and the fundamental alove with
respet to Π and Π̂.
We shall end this setion by reording the following results :
Proposition 2.1. For w ∈ Ŵ , let N(w) = {β ∈ ∆̂+; w−1(β) < 0}
and denote by ℓ(w) the length of any redued expression of w.
(a) We x a redued expression of w = sβ1 ◦ · · · ◦ sβk with βi ∈ Π̂,
then N(w) = {sβ1 ◦ · · · ◦ sβp−1(βp); 1 ≤ p ≤ k}. In partiular, N(w)
ontains a simple root.
(b) Let w1, w2 ∈ Ŵ , then N(w1) ⊆ N(w2) if and only if, there exists
u ∈ Ŵ suh that w2 = w1u, and ℓ(w2) = ℓ(w1) + ℓ(u). In partiular,
w is uniquely determined by N(w).
() If N(w) ∩∆+ 6= ∅, then N(w) ∩Π 6= ∅.
Proof. For parts (a) and (b), see for example [CP1℄. Let us prove ().
The ase A˜1 is lear. In the others ases, this is a diret onsequene of
the fat thatN(w) is a ompatible set, by theorem 1.3 from [CP1℄. 
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3. I-ompatible elements in Ŵ
Let I ⊂ Π and i be an ad-nilpotent ideal of pI . We set
Φi = {α ∈ ∆




gα and if α ∈ Φi, β ∈ ∆
+ ∪∆I are suh that α + β ∈
∆+, then α+ β ∈ Φi.
Conversely, set
FI = {Φ ⊂ ∆
+\∆I ; if α ∈ Φ, β ∈ ∆
+∪∆I , α+β ∈ ∆
+, then α+β ∈ Φ}.
Then for Φ ∈ FI , iΦ =
⊕
α∈Φ gα is an ad-nilpotent ideal of pI .
We obtain therefore a bijetion
{ad-nilpotent ideals of pI} → FI , i 7→ Φi.
For Φ ∈ FI , we dene Φ





Sine any ad-nilpotent ideal of pI is an ad-nilpotent ideal of the Borel
subalgebra p∅ = b, we have by [CP1℄ the following proposition :
Proposition 3.1. Let Φ ∈ FI , then there exists a unique wΦ ∈ Ŵ
suh that LΦ = N(wΦ).
Thus we have the following injetive map :
{ad-nilpotent ideals of pI} → Ŵ
i 7→ wΦi
Reall from [CP1℄ the following haraterization of the image of the
above map when I = ∅.
Proposition 3.2. Let w ∈ Ŵ , then there exists an ideal i of b suh
that N(w) = LΦi if and only if
(a) w−1(α) > 0, for all α ∈ Π.
(b) If w(α) < 0 for some α ∈ Π̂, then w(α) = β−δ for some β ∈ ∆+.
If these onditions are veried, we say that w is Borel-ompatible or
∅-ompatible.
For w ∈ Ŵ , let Φw = {α ∈ ∆;−α + δ ∈ N(w)}. It follows that if w
is ∅-ompatible, then Φw ⊂ ∆
+
.
Theorem 3.3. Let w ∈ Ŵ be Borel-ompatible and I ⊂ Π. The
following onditions are equivalent :
(a) iΦw is an ad-nilpotent ideal of pI .
(b) sα(Φw) = Φw, for all α ∈ I.
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() sα(LΦw) = LΦw , for all α ∈ I.
(d) N(sαw) = N(w) ∪ {α}, for all α ∈ I.
(e) w−1(α) ∈ Π̂, for all α ∈ I.
If the hypothesis and these onditions are veried, we say that w is
I-ompatible.
Proof. (a) ⇒ (b) By assumption, we have Φw ∈ FI . Let β ∈ Φw, then
sα(β) = β − (β, α
∨)α, hene sα(Φw) ⊂ Φw, for all α ∈ I. Moreover,
sine sα is an involution, we obtain that sα(Φw) = Φw.
(b) ⇒ (c) Sine w(δ) = δ, for all w ∈ Ŵ , this is lear (by indution
on k or just remark that Φkw ∈ FI).
(c) ⇒ (d) Let α ∈ I, by assumption, we have sα(N(w)) = N(w),
hene for β ∈ N(w), we have sα(β) ∈ N(w). So w
−1sα(β) < 0 and β ∈
N(sαw). We have proved that N(w) ⊂ N(sαw). Sine ♯N(w) = ℓ(w)
and ℓ(sαw) = ℓ(w)± 1, by Proposition 2.1, we obtain that ♯N(sαw) =
♯N(w) + 1. Moreover we have (sαw)
−1(α) = w−1(−α) < 0, hene
N(sαw) = N(w) ∪ {α}.
(d) ⇒ (e) Let α ∈ I. By assumption, we have N(w) ⊂ N(sαw),
hene by Proposition 2.1, there exists β ∈ Π̂ suh that,
N(sαw) = N(wsβ) = N(w) ∪ {w(β)} = N(w) ∪ {α}.
Consequently, we have w−1(α) = β ∈ Π̂.
(e) ⇒ (a) Let α ∈ I and assume that w−1(α) ∈ Π̂. Let β ∈ Φw be
suh that β − α ∈ ∆+. We have
w−1(−(β − α) + δ) = w−1(−β + δ) + w−1(α) ∈ (∆̂− + Π̂) ∩ ∆̂.
It follows that w−1(−(β − α) + δ) < 0. Moreover, w−1(−α + δ) =
w−1(−α) + δ > 0 hene α 6∈ Φiw . We obtain that Φw ∈ Fαi , for all
αi ∈ I, hene Φw belongs to FI and iΦw is an ideal of pI . 
Another haraterization of ad-nilpotent ideals in b is given in [CP2℄
via the set D = {τ ∈ Q∨; (τ, αj) ≤ 1, j = 1, . . . , l and (τ, θ) ≥ −2}. Let
D˜ = {(τ, v) ∈ D×W ; vtτ (A) ⊂ C}. We an state this haraterization
in the following way:
Proposition 3.4. The following map is bijetive :
D˜ → {w ∈ Ŵ , ∅-ompatible}
(τ, v) 7→ vtτ .
Remark 3.5. In [CP2℄, the above orrespondene is not viewed in the
same way sine the elements of Ŵ are written tτv = vtv−1(τ) instead of
vtτ , for w ∈ W and τ ∈ Q
∨
.
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Let w ∈ Ŵ be Borel-ompatible, then Iw = {α ∈ Π;w
−1(α) ∈ Π̂}
is the unique maximal element of {I ⊂ Π; w is I-ompatible}. For
τ ∈ Q∨, set
Dτ =
{
{α ∈ Π; (α, τ) = 0} ∪ {−θ} if (θ, τ) = −1,
{α ∈ Π; (α, τ) = 0} if (θ, τ) 6= −1.
Proposition 3.6. Let (τ, v) ∈ D˜, and w = vtτ ∈ Ŵ . Then v(Dτ) =
Iw. In partiular, w is I-ompatible if and only if I ⊂ v(Dτ).
Proof. Let α ∈ Iw, then
w−1(α) = t−τv
−1(α) = v−1(α) + (v−1(α), τ)δ ∈ Π̂.
If w−1(α) ∈ Π, then we have v−1(α) ∈ Π and (v−1(α), τ) = 0, hene
v−1(α) ∈ Dτ . If w
−1(α) = α0, then we have v
−1(α) = −θ and (θ, τ) =
−1, hene −θ = v−1(α) ∈ Dτ .
Conversely, let α ∈ Dτ ∩ Π, then vtτ (α) = v(α) ∈ ∆
+
, beause w
is Borel-ompatible. Then we have N(wsα) = N(w) ∪ {w(α)}, and by
part (3) of proposition 2.1 , there exists a simple root β ∈ Π suh that
β ∈ N(wsα). Sine N(w) ∩ ∆
+ = ∅, we obtain that w(α) = β and
v(α) ∈ Iw.
Assume now that −θ ∈ Dτ . Sine w is Borel-ompatible, vtτ (α0) =
−v(θ) ∈ ∆+. As above we have N(wsα0) = N(w) ∪ {w(α0)}, and by
part (3) of proposition 2.1, there exists a simple root β ∈ Π suh that
β ∈ N(wsα0). Sine N(w) ∩ ∆
+ = ∅, we obtain that w(α0) = β and
v(−θ) ∈ Iw.
We have therefore proved that v(Dτ ) = Iw, whih onludes the
proof. 
Let us denoteHα = Hα,0 for α ∈ Π, andHα0 = Hθ,1. Let {ω1, . . . , ωl}
be elements of V suh that (ωi, αj) = δij. Set n0 = 1 and let ni,
i = 1, . . . , l, be the stritly positive integers suh that θ =
∑l
i=1 niαi.
Let ωi = ωi/ni, i = 1 . . . l, and ω0 = 0. Then the losure A of A is the
onvex hull Conv(ω0, ω1, . . . , ωl) of ω0, . . . , ωl. For k ∈ N
∗
, the onvex
hull (resp. the image by w ∈ Waff of the onvex hull) of (k + 1) points
in {ω0, ω1, . . . , ωl} is alled a k-fae of A (resp. of w(A)). For example,
Hαi ∩ A = Conv(ω0, . . . , ωi−1, ωi+1, . . . , ωl) is an (l − 1)-fae of A.
We shall give yet another haraterization of ad-nilpotent ideals of
pI whih shall be useful in enumerating abelian ideals when g is of type
A or C.
Proposition 3.7. Let w ∈ Ŵ be Borel-ompatible and I ⊂ Π. Then,
iΦw is an ideal of pI if and only if for all α ∈ I, w(A) ∩ Hα is an
(l − 1)-fae of w(A).
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Proof. Assume that w ∈ Ŵ is I-ompatible. Let (τ, v) ∈ D˜ be suh
that w = vtτ . By proposition 3.6, I ⊂ v(Dτ ), and v
−1(α) ∈ Dτ , for all
α ∈ I. Let α ∈ I, we distinguish two ases :
If v−1(α) = β ∈ Π, then (β, τ) = 0. We obtain that
vtτ (Hβ) = Hv(β),(τ,β) = Hα.
Hene w(A) ∩Hα is an (l − 1)-fae of w(A).
If v−1(α) = −θ, then (θ, τ) = −1. We obtain that
vtτ (Hα0) = Hv(θ),(τ,θ)+1 = Hα.
Hene, w(A) ∩Hα is an (l − 1)-fae of w(A).
Conversely, let v ∈ W , τ ∈ Q∨ be suh that w = vtτ ∈ Ŵ is Borel-
ompatible. By assumption, for all α ∈ I, there exists β ∈ Π̂ suh that
w(Hβ) = Hα.
If β ∈ Π, then
vtτ (Hβ) = Hv(β),(τ,β) = Hα
hene (τ, β) = 0, and w−1(α) = ±β. Sine w is Borel-ompatible, we
have neessarily w−1(α) > 0, and so α ∈ v(Dτ ).
If β = α0, then
vtτ (Hα0) = Hv(θ),(τ,θ)+1 = Hα
hene (τ, θ) = −1, and w−1(α) = ±(θ−δ). Sine w is Borel-ompatible,
we have neessarily w−1(α) > 0, and so α ∈ v(Dτ). We have proved
that I ⊂ v(Dτ), and by proposition 3.6, w is I-ompatible. 
Let H∅ = V . For J ⊂ Π̂ non empty, denote HJ =
⋂
α∈J Hα. By
the proposition above, if w is I-ompatible, then we have w(A)∩HI =
w(A ∩Hw−1(I)).
4. Volume of the faes of the fundamental alove
Reall from [CP1℄ and [Ko℄, that w ∈ Ŵ is Borel-ompatible and the
ideal iΦw of b is abelian if and only if w(A) ⊂ 2A. As a onsequene,
we have the following remarkable result of Peterson : the number of
abelian ideals of b is 2l. Observe that the above result says that the
number of abelian ideals in b depends only on the rank of g. In the
ase of paraboli algebras, we shall see in this setion to what extent
this result an be extended.
For J ⊂ Π̂, let FJ = A ∩HJ = Conv(ωj; αj 6∈ J). Observe that the
FJ are the faes of A. Let w ∈ Ŵ , if w(A) ∩HJ is an (l − ♯J)-fae of
w(A), then we shall all w(A) ∩HJ an (l − ♯J)-alove of HJ .
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Proposition 4.1. (a) Let w ∈ Ŵ and I ⊂ Π, if w(A) ⊂ 2A and
w(A) ∩HI is an (l − ♯I)-alove of HI , then w is I-ompatible.
(b) Let I ⊂ Π and w,w′ ∈ Ŵ be I-ompatible. If w(A) ⊂ 2A,
w′(A) ⊂ 2A and w(A) ∩HI = w′(A) ∩HI, then w = w
′
.
Proof. (a) Let w ∈ Ŵ and I ⊂ Π be of ardinality r. If w(A) ⊂ 2A,
then w is Borel-ompatible and the ideal iΦw is abelian.
Set N = l− r + 1. Sine w(A) ∩HI is an (l− r)-alove of HI , there
exist N verties ωi1 , . . . , ωiN of A suh that w(ωi1), . . . , w(ωiN ) belong
to w(A) ∩HI .
There exist r distint reeting ane hyperplanes H ′1, . . . , H
′
r of the




j ontains ωi1 , . . . , ωiN . For j =
1, . . . , r, HI ∩w(H
′
j) ontains w(ωi1), . . . , w(ωiN ). Sine the dimension
of HI is N − 1, it follows that HI ⊂ w(H
′
j).
The hyperplane HI is dened by the equations (x, α) = 0 for all
α ∈ I, it follows that w(H ′j) is an hyperplane of the form Hβ,0, where
β is a linear ombination of elements of I.
Assume that β 6∈ I. Then, the intersetion of Hβ,0 with the losure
of the fundamental hamber C is of dimension at most l− 2. Sine by
onstrution Hβ,0 ontains an (l − 1)-fae of w(A), and w(A) ⊂ C, we
obtain a ontradition. It follows that β ∈ I.
Set w = vtτ . We then have that for eah β ∈ I :
w−1(Hβ,0) = Hv−1(β),(τ,v−1(β)) = Hα
for some α ∈ Π̂. If α ∈ Π, then v−1(β) = ±α and (τ, v−1(β)) = 0.
Sine w is Borel-ompatible, we obtain that w−1(β) = α.
If α = α0, we obtain that v
−1(β) = ±θ and (τ, v−1(β)) = ±1. Sine
w is Borel-ompatible, we nally obtain that w−1(β) = α0. Thus,
w−1(I) ⊂ Π̂, and w is I-ompatible as required.
(b) Let I ⊂ Π and w, w′ ∈ Ŵ be I-ompatible. Let α ∈ I, then w
is I \ {α}-ompatible. It follows by proposition 3.7 that w(A)∩HI\{α}
is an (l− ♯I+1)-alove of HI\{α} and it is the onvex hull of w(A)∩HI
and a vertex of HI\{α} ∩w(A), whih is not in HI ∩w(A). In the same
way w′(A) ∩ HI\{α} is an (l − ♯I + 1)-alove of HI\{α} and it is the
onvex hull of w′(A) ∩HI and a vertex of HI\{α} ∩w′(A), whih is not
in HI ∩ w(A). Sine w(A) ⊂ 2A, there is a unique vertex in HI\{α}
satisfying these onditions. So, w(A)∩HI\{α} = w′(A)∩HI\{α} and by
indution, we have w(A) = w′(A). Hene w = w′. 
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Let F ′J = 2A ∩ HJ = Conv(2ωj ; αj 6∈ J). It is lear that F
′
J is a
union of (l − ♯J)-aloves of HJ . Let
AbI = {w ∈ Ŵ ; iΦw is an abelian ideal of pI}.
By the above proposition and by proposition 3.7, we obtain the follow-
ing result :
Theorem 4.2. Let I ⊂ Π, then the map w 7→ w(A)∩HI is a bijetion
between AbI and the set of all the (l − ♯I)-aloves of F
′
I .
Remark 4.3. The above theorem an be viewed as a generalization of
Peterson's result.
In order to determine ♯AbI , we are redued to omputing the volume
of the (l − ♯I)-aloves of F ′I . Furthermore, to ompute the volume of
the (l − ♯I)-aloves of F ′I , it sues to ompute the volume of the
(l − ♯I)-faes of A.
Let d(x,Hα) denote the distane from x ∈ V to the ane hyperplane
Hα, for α ∈ Π̂. For B a k-alove, let Volk(B) be the k-volume of B.




× d(0, Hα0)× Voll−1(Fα0).
Sine the projetion of 0 on Hα0 is
θ
‖θ‖2




obtain that Voll(A) =
1
l‖θ‖




|ω1 ∧ · · · ∧ ωl| .





To ompute the (l−1)-volume of the faes Fαi , i = 1, · · · , l, we om-

















We have therefore omputed the (l − 1)-volume of the (l − 1)-faes
of A. In partiular, we have :
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Lemma 4.4. Let αi, αj ∈ Π̂, be suh that (αi, αi) = (αj , αj), then :
niVoll−1(Fj) = njVoll−1(Fi).
This Lemma also appears as Proposition 26 in [Sut℄. We shall gen-




otherwise. We shall prove the following result :
Proposition 4.5. Let I ⊂ Π and w ∈ Ŵ be suh that w−1(I) = J ⊂ Π̂.
Then, we have :
nIVoll−♯J (FJ) = nJVoll−♯I(FI)
To prove this proposition, we need the following tehnial lemma :
Lemma 4.6. Let I ⊂ Π be suh that ♯I 6 l − 1. Let w ∈ Ŵ be suh
that w−1(I) = J ⊂ Π̂. Let αj be any element of J if α0 6∈ J , and
αj = α0 if α0 ∈ J . Set αi = w(αj). Then we have :
nid(ωi, HI) = njd(ωj, HJ).
Proof. The result is lear if J = ∅. We may therefore assume that
1 6 ♯J 6 l − 1.
Step 1 : Assume that α0 ∈ J . We shall determine the distane
d(ω0, HJ).
Let J0 be the onneted omponent of J ontaining α0. Set r = ♯J0.








Now assume that J0 6= {α0}. Then, J0 \ {α0} ontains one or two





First of all, assume that J0\{α0} ontains only one root βt suh that
(βt, θ) 6= 0. Let γt ∈ VJ0 be suh that (γt, βt) = 1 and (γt, βi) = 0 for all
βi ∈ J0\{βt, βk}. Let µt = (‖θ‖
2(1− (γt,θ)
2
))−1 and β = µt(θ−(θ, βt)γt).
Then, we have (β, α) = 0 for all α ∈ J0 \ {α0} and
(β, θ) = µt[‖θ‖





For all x ∈ HJ , we have (γt, x) = 0, and so
(β − x, β) = µt(θ − (θ, βt)γt, β − x)
= µt[(θ, β)− (θ, x)]
= 0.
We have proved that β is the projetion of ω0 in HJ . It follows
that by taking any x ∈ HJ , we have d(ω0, HJ)
2 = ‖β‖2 = (x, β) =
µt(x, θ) = µt.
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Sine I ⊂ Π and J = w−1(I) and I have the same Dynkin diagram,
we have by a ase by ase onsideration that J0 is of type Ar, Cr, or
Dr.
If J0 is of type Ar, then by renumbering the roots βi, the Dynkin















((r − 1)β1 + (r − 2)β2 + · · ·+ βr−1).
So (γt, θ) =
r−1
r




















((r − 1)β1 + (r − 2)β2 + · · ·+ βr−1).
So (γt, θ) =
2(r−1)
r
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((r − 2)β1 + 2(r − 2)β2 + 2(r − 3)β3 + · · ·+ 2βr−1).
Thus (γt, θ) =
2(r−2)
r















Assume now that J0 ontains two roots α suh that (α, θ) 6= 0.














Let η, η′ ∈ VJ0 be suh that (η, βk−1) = 1 = (η
′, βk+1) and (η, βi) = 0
(resp. (η′, βi) = 0) for all βi ∈ J0\{βk−1, βk} (resp. βi ∈ J0\{βk, βk+1}).
Let µ = (‖θ‖2(1− (η+η
′,θ)
2
))−1 and β = µ(θ− ((θ, βk−1)η+ (θ, βk−1)η
′)).
Then we have (β, α) = 0 for all α ∈ J0 \ {α0} and
(β, θ) = µ[‖θ‖2 − ((θ, βk−1)η + (θ, βk−1)η
′, θ)] = 1
(β − x, β) = µ(θ − ((θ, βk−1)η + (θ, βk−1)η
′), β − x) = 0




((k − 1)βk−1 + (k − 2)βk−2 + · · ·+ β1)
η′ =
2
(r − k + 1)‖βk+1‖2
(βr + 2βr−1 + · · ·+ (r − k)βk+1)
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. We obtain that :
(8) d2(ω0, HJ) = ‖β‖
2 = µ =




Observe that the formulas (4) and (8) generalize the formula obtained
when J0 = {α0}. Let k be the position of α0 ∈ J0, then we an sum




















Step 2 : Assume that J ⊂ Π. Let αj ∈ J . We shall determine the
distane d(ωj , HJ).
We have HJ = Vect(ωt; t suh that αt 6∈ J) ⊂ HJ\{αj} ⊂ V . Let
H⊥J = {x ∈ V ; (x, ωt) = 0 for all t suh that αt 6∈ J}, then H
⊥
J =
Vect(αt; αt ∈ J), and dim(H
⊥








τtαt; (x, β) = 0 for all β ∈ J \ {αj}
}
,
there exists γ ∈ V suh that HJ\{αj} ∩H
⊥
J = Vect(γ), and (γ, αj) 6= 0.
Thus, we have HJ\{αj} = HJ ⊕Cγ. It follows that there exists µ ∈ C
∗
suh that ωj + µγ ∈ HJ .
Let Jj be the onneted omponent of J whih ontains αj . Set
Jj = {β1, . . . , βr}, with αj = βk. Set VJj =
⊕
βj∈Jj
Rβj . We may
hoose γ suh that (γ, αj) = 1 and (γ, α) = 0 for all α ∈ Jj \ {αj}.








where γ depends only on the position of αj in the Dynkin diagram of
Jj.
Finally, we need to ompute expliitely d(ωj , HJ) in some partiular
ases. We use the numbering of [TY, hapter 18℄.
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[((r − k + 1)β1 + 2(r − k + 1)β2 + · · ·
+(k− 1)(r− k+1)βk−1+ k(r− k+1)βk + k(r− k)βk+1+ · · ·+ kβr].




























[2β1 + 2β2 + · · ·+ 2βr−2
+βr−1 + βr] if k = 1.









2 2k(r − k + 1)
n2j (r + 1)‖αj‖
2
r









Final step : We are now in a position to prove the lemma. Let Ii be
the onneted omponent of I ontaining αi. If J ⊂ Π, then we have
the result by (9), sine αj and αi have the same position in the Dynkin
diagram of Jj and Ii respetively.
If α0 ∈ J , then the onneted omponent J0 of J ontaining α0 is
of the type Ar, Cr, or Dr. Again sine w
−1(α0) and α0 have the same
position in the respetive Dynkin diagram, we obtain the result by
inspeting the orrespondene between tables 1 and 2. 
Proof of proposition 4.5. The ase ♯I = 0 is trivial sine in this ase,
FI = FJ = A.
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Let I ⊂ Π. Let us proeed by indution on ♯I. If ♯I = 1, the result
is proved in lemma 4.4. Assume that l > ♯I > 1 and that the laim is
true for ♯I − 1. Let αj be any element of J if α0 6∈ J , and αj = α0 if
α0 ∈ J . Set αi = w(αj). Then, we have by lemma 4.6,
nJVoll−♯I(FI) = nJ(l − ♯I + 1)Voll−♯I+1(FI\{αi})×
1
d(ωi, HI)










Finally, the result is lear if ♯I = l sine in this ase FI (resp. FJ) is a
single point. 





We obtain a generalization of Peterson's result :







Proof. Let I ⊂ Π and w ∈ Ŵ . By propositions 3.7 and 4.1, then∑
w∈AbI
Voll−♯I(w(A) ∩HI) = Voll−♯I(F
′
I).
Observe that for w ∈ AbI we have w(A) ∩ HI = w(Fw−1(I)), and
Voll−♯I(w(Fw−1(I))) = Voll−♯I(Fw−1(I)). So by proposition 4.5 and by






Thus, we have the result. 
Theorem 4.8. Let I ⊂ Π, if g is of type Al or Cl, then the paraboli
subalgebras pI have exatly 2
l−♯I
abelian ideals.
Proof. If g is of type Al or Cl, the numbers ni, for i = 0, . . . , l, depends
only on the length of αi. It follows that for any w ∈ AbI , nI = nw−1(I).
So by theorem 4.7, we obtain the result. 
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Remark 4.9. The fat that the integers ni, for i = 0, . . . , l, depends
only on the length of αi is false when g is not of type A or C. Indeed,
theorem 4.8 is false in general. For example, in B3, the paraboli sub-
algebra p{α1} has only 3 abelian ideals. We shall see in the next setion
another way to ount the number of abelian ideals in ases B and D.
5. Enumeration of ideals via diagrams
In this setion, we shall determine, via diagram enumeration, the
number of ad-nilpotent (resp. abelian) ideals of pI , for I ⊂ Π, when g
is simple and of lassial type. We shall use the numbering of simple
roots of [TY, hap.18℄.
Reall the following partial order on ∆+ : α 6 β if β − α is a sum
of positive roots. Then it is easy to see that Φ ∈ F∅ if and only if
for all α ∈ Φ, β ∈ ∆+, suh that α 6 β, then β ∈ Φ. When g is of
type A, B, C or D, we an display the positive roots into a diagram of
suitable shape, as in [CP1℄. Then, they established a bijetion between
elements of F∅ and ertain subdiagrams.
Let I ⊂ Π. In order to adapt this onstrution in the paraboli ase
pI , we shall use a similar onstrution, but our diagram will depend
not only on the type of g, but also on I.
Let I ⊂ Π and γ, β ∈ ∆+. We say that β
I
→ γ if there exists η ∈ I
suh that β + η = γ. Dene an equivalene relation on ∆+ \∆I : for
I ⊂ Π, γ ∼I β if there exist β1, . . . , βs ∈ ∆
+ \∆I suh that
(i) β = β1, γ = βs,
(ii) either βi
I
→ βi+1 or βi+1
I
→ βi, for i = 1, . . . , s− 1.
As the standard Levi fator of pI ats in a redutive way on the nilpo-
tent radial, the fat that two roots β, γ are ∼I equivalent means that
gα and gβ are in the same simple submodule.
Let X be the type of g. The idea is to start by displaying the pos-
itive roots ∆+ in a diagram TX of a suitable shape as in [CP1℄ : that
is, we assign to eah box labelled (i, j) in TX , a positive root ti,j . The
shape and the lling of TX are hosen suh that we obtain a bije-
tion between elements of F∅ and the northwest ushed subdiagrams,
heneforth nw-diagrams, of TX (in type D, we need to inlude also nw-
diagrams modulo a permutation of ertain olumns). Then, for I ⊂ Π,
we delete the boxes ontaining elements of ∆I . Observe that the set
of boxes of the same equivalent lass is onneted. Therefore, we an
regroup into a big box all the roots of the same equivalent lass. We
obtain a new diagram denoted by T IX . Then, we ount the nw-diagrams
of T IX (again in type D, we need to ount also nw-diagrams modulo a
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permutation of ertain olumns), whih are learly in bijetion with
the elements of FI .
5.1. Type Al. If g is of type Al, then TAl is a diagram of shape [l, l−
1, . . . , 1]. The label (i, j) means a box in the i-th row and the j-th
olumn. The boxes (i, j) of TAl are lled by the positive roots ti,j =
αi + · · ·+ αl−j+1, 1 6 i, j 6 l. For example, for l = 5, we have :
l︷ ︸︸ ︷
t1,1 t1,2 t1,3 t1,4 t1,5




Let I ⊂ Π. We rst delete the boxes ontaining elements of ∆I . Then,
we regroup the equivalent lasses of ∼I proeeding simple root by sim-
ple root : for eah αi ∈ I, we regroup the (l − i + 1)-th and the
(l− i+2)-th olumns if i 6= 1, and the rows i, i+1 if i 6= l, on TAl. At
the end, we obtain that T IAl is a diagram of shape [l−♯I, l−♯I−1, . . . , 1].














denote the l-th Catalan number.
Proposition 5.1. Let I ⊂ Π. Let SIAl be the set of all nw-diagrams of




Proof. Let I ⊂ Π, then T IAl if of shape [l − ♯I, l − ♯I − 1, . . . , 1], so by
[S, 8,6.19 vv.℄, we obtain that the ardinality of the set of nw-diagrams
of T IAl is Cl−♯I+1. 
5.2. Type Cl.
Denition 5.2. Let p, q be two integers suh that q 6 p. Let Tp,q be
the (shifted) diagram of shape [p+q−1, p+q−3, . . . , p−q+1] arranged
AD-NILPOTENT IDEALS OF A PARABOLIC SUBALGEBRA 19






If g is of type Cl, then TCl is the diagram Tl,l, and the boxes (i, j) of
TCl are lled by the positive roots ti,j , where
ti,j =
{
αi + · · ·+ αj−1 + 2(αj + · · ·+ αl−1) + αl, 1 6 j 6 l − 1,
αi + · · ·+ α2l−j , l 6 j 6 2l − 1.
Let I ⊂ Π, we rst delete the boxes ontaining elements of ∆I . Then,
we regroup the equivalent lasses of ∼I proeeding simple root by sim-
ple root : for eah αi ∈ I \ {αl}, we rst regroup olumn 2l − i and
olumn 2l − i + 1 if i 6= 1, then we regroup the i-th and (i + 1)-th
olumns and also the i-th and (i + 1)-th rows on TCl. If αl ∈ I, we
regroup also the olumns l and l+1. We obtain at the end that T ICl is a
diagram of shape Tl−♯I,l−♯I if αl 6∈ I and of shape Tl−♯I+1,l−♯I , if αl ∈ I.




. Consequently, we have the following proposition :
Proposition 5.3. Let I ⊂ Π. Let SICl be the set of all nw-diagrams of




(l − ♯I + 1)Cl−♯I if αl 6∈ I, and
l − ♯I + 2
2
Cl−♯I+1 if αl ∈ I.
5.3. Type Bl and Dl. Let I ⊂ Π. Assume that g is of type X = Bl
or Dl. Then the shape of T
I
X is more ompliated than in the ase A
or C, so we need more ombinatorial results on diagrams.
Denition 5.4. Let p, q be two integers suh that q 6 p. Let T ′p,q be






Proposition 5.5. Let p, q be two integers suh that q 6 p. Then, the
number of nw-diagrams of T ′p,q is
T ′p,q =
(p+ q + 1)!(p− q + 2)
q!(p+ 2)!
.
Proof. Let Dp,q be the set of nw-diagrams of T
′
p,q. We shall proeed by





p,q = p+ 1 =
(p+ q + 1)!(p− q + 2)
q!(p+ 2)!
.
Assume that q > 1 and the laim is true for q−1. For 1 6 k 6 p−q+1,
let
Sk = {S ∈ Dp,q; (q, k) ∈ S and (q, k + 1) 6∈ S}
Then, ♯Sk = T
′
p−k,q−1 and L =
p−q+1⋃
k=1
Sk is the set of nw-diagrams on-
taining at least a box in the last row of T ′p,q. Sine Dp,q is the disjoint
union of Dp,q−1 and L, we obtain that :
T ′p,q = T
′










(k + q)!(k − q + 3)
(q − 1)!(k + 2)!
=
(p+ q + 1)!(p− q + 2)
q!(p+ 2)!
where the last equality is a simple indution on p > q. 
Denition 5.6. Let p > q be two positive integers and 1 6 l1 < l2 <
· · · < ls 6 q + 1 be some other integers. Denote by Tp,q(l1, l2, . . . , ls)
the new diagram obtained by adding to Tp,q the boxes (li, li − 1), for
AD-NILPOTENT IDEALS OF A PARABOLIC SUBALGEBRA 21





× ︸ ︷︷ ︸
p−q+1
where the added boxes are marked with a ×.
Proposition 5.7. Let p > q be two positive integers and 1 6 l1 < l2 <
· · · < ls 6 q+1 be some other integers, then the number of nw-diagrams








Proof. Let Dp,q(l1, . . . , ls) be the set of nw-diagrams of Tp,q(l1, . . . , ls)
and Dp,q(l1, . . . , ls) be its ardinality. Let bs = (ls, ls − 1). Set
E = {S ∈ Dp,q(l1, . . . , ls); bs 6∈ S},
F = {S ∈ Dp,q(l1, . . . , ls); bs ∈ S and S \ {bs} ∈ E},
G = {S ∈ Dp,q(l1, . . . , ls); bs ∈ S and S \ {bs} 6∈ E}.
Then, we have learly Dp,q(l1, . . . , ls) = ♯E + ♯F + ♯G.
If S ∈ F , then S ontains all the boxes north-west of bs and the
other boxes of S are stritly north-east of bs, so there exists a bijetion
between F and the set of nw-diagrams of T ′p+q−ls,ls−1. For the example





ontaining bs. Hene it sues to ount the nw-diagrams of the subdi-





So by proposition 5.5, the ardinality of F is T ′p+q−ls,ls−1.
If S ∈ G, then S \ {bs} is a nw-diagram of T where T = Tp,q if
s = 1 and T = Tp,q(l1, . . . , ls−1) if s > 1. So the ardinality of G is the
ardinality of the set of nw-diagrams in T minus the ardinality of the
set H of nw-diagrams having at most ls − 1 rows. Observe that the
elements of H orrespond to those of E. Hene, (by [Pr℄)
♯G =





− ♯E if s = 1.
The result now follows easily by indution on s. 
Notations 5.8. Fix I ⊂ Π. Let I1, . . . , Is be the onneted omponents
of I of ardinality r1, . . . , rs respetively. For eah onneted omponent
Ij, set mj = min{i;αi ∈ Ij}. Without loss of generality, we shall
assume that m1 < m2 < · · · < ms.
If g is of type Bl, then TBl is Tl,l and the boxes (i, j) of TBl are lled
by the positive roots ti,j, where
ti,j =
{
αi + · · ·+ 2(αj+1 + · · ·+ αl), 1 6 j 6 l − 1,
αi + · · ·+ α2l−j, l 6 j 6 2l − 1.
As before, for I ⊂ Π, we delete the boxes ontaining elements of ∆I .
For j = 1, . . . , s, set




Regroup the equivalent lasses of ∼I proeeding simple root by simple
root : for eah αi ∈ I \ {αl}, we rst regroup rows i and i + 1 and if
i 6= 1, we regroup olumn 2l−i and olumn 2l−i+1, then the olumns
i−1 and i. If αl ∈ I, we also regroup the olumns l−1, l and l+1. We
obtain that T IBl is a diagram of shape Tl−♯I,l−♯I(l1, . . . , ln), where the li
are dened as above and, n = s− 1 if αl ∈ I and n = s if αl 6∈ I. For
example, for B5 and I = {α2, α3, α5}, we have :
t1,1 t1,2 t1,3 t1,4 t1,5 t1,6 t1,7 t1,8 t1,9
t2,2 t2,3 t2,4 t2,5 t2,6




It follows from proposition 5.7 that :
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Proposition 5.9. Let I ⊂ Π be of ardinality r. Let SIBl be the set of








where n = s− 1 if αl ∈ I, and n = s otherwise.
If g is of type Dl, then TDl is Tl,l−1, and the boxes (i, j) of TDl are
lled by the positive roots ti,j , where
ti,j =
 αi + · · ·+ 2(αj+1 + · · ·+ αl−2) + αl−1 + αl, 1 6 j 6 l − 2,αi + · · ·+ αl−2 + αl, j = l − 1,
αi + · · ·+ α2l−j , l 6 j 6 2l − 1.
For I ⊂ Π, we rst delete the boxes ontaining elements of ∆I . For










rk − 1 if j = s and Is = {αl}.
Regroup the equivalent lasses of ∼I proeeding simple root by simple
root : for eah αi ∈ I \ {αl−1, αl}, we rst regroup the rows i and i+1
and if i 6= 1, we regroup olumn 2l− i− 1 and olumn 2l− i, and then
the olumns i− 1 and i.
If αl−1 ∈ I, but αl 6∈ I, then we regroup the olumns l− 2, l− 1 and
olumns l, l + 1.
If αl ∈ I, but αl−1 6∈ I, then we rst reverse the olumns l− 1 and l,
and then we regroup the (new) olumns l−2, l−1 and olumns l, l+1.
If {αl−1, αl} ⊂ I, then we regroup the four olumns l−2, l−1, l and
l + 1.
We obtain that if {αl−1, αl} 6⊂ I, then T
I
Dl
is a diagram of shape
Tl−♯I,l−♯I−1(l1, . . . , ls), where the li are dened as above. If {αl−1, αl} ⊂
I, then T IDl is a diagram of shape Tl−♯I,l−♯I(l1, . . . , ls−1).
In the following examples, we denote by i the simple root αi and
by i2 the element 2αi. We onsider, X = D5 and I is respetively
{α1, α2, α5} and {α2, α4, α5} :
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1223245 123245 12345 1234 1235 123
23245 2345 234 235 23





1223245 123245 12345 1235 1234 123 12 1
23245 2345 235 234 23
345 35 34 3
←→
b1
Denition 5.10. For a subdiagram L of T IDl , we shall denote by L
•
the set of boxes of L obtained from L by exhanging olumns l − r − 1
and l − r (resp. l − r and l − r + 1) if α1 6∈ I (resp. if α1 ∈ I).
If L• is a nw-diagram of T IDl, then we say that L is a •-nw-diagram
of T IDl .
Proposition 5.11. Let I ⊂ Π be of ardinality r. Let SIDl be the set of
nw-diagrams of T IDl if {αl−1, αl}∩ I 6= ∅, and be the union of the set of
nw-diagrams and the set of •-nw-diagrams of T IDl if {αl−1, αl} ∩ I = ∅.







, if t = 0,
(ii)





T ′2(l−r)−lj−1,lj−1, if t = 1,
(iii) (l − r + 1)Cl−r +
s−1∑
j=1
T ′2(l−r)−lj ,lj−1, if t = 2,
where t = ♯({αl−1, αl} ∩ I).
Proof. Assume rst that {αl−1, αl} ∩ I = ∅. Note that, the elements of
FI are in bijetion with the subdiagrams S of T
I
Dl
= Tl−r,l−r−1(l1, . . . , ls)
suh that either S or S• is a nw-diagram. Let








So SIDl = E1 ∪ E2 (disjoint union). By proposition 5.7, we have :
♯E1 =
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On the other hand, the number of elements of E2 is ♯E1 − ♯F , where
F is the set of elements of E1 having olumns l− r− 1 and l− r (resp.
l − r and l − r + 1) of the same length if α1 6∈ I (resp. if α1 ∈ I).
Clearly, the number of elements of F is exatly the number of nw-
diagrams of the diagram obtained from T IDl by removing the (l− r)-th
(resp. (l − r + 1)-th) olumn if α1 6∈ I (resp. if α1 ∈ I). So, by
proposition 5.7,




We obtain therefore the result sine we have the equality :




If αl−1 or αl ∈ I, then there is no olumn reversing. Then the result
follows from proposition 5.7 aording to the shape of T IDl. 
As in [CP1℄, we have learly a bijetion between FI and S
I
X . It
follows from propositions 5.1, 5.3, 5.9, 5.11, that we have :
Theorem 5.12. Let I ⊂ Π of ardinality r, X be the type of g and
s, lj as dened in 5.8, (11) and (12).
If X = Al, then
♯FI = Cl−r+1.
If X = Bl, then




where n = s− 1 if αl ∈ I, and n = s otherwise.
If X = Cl, then
♯FI =
 (l − r + 1)Cl−r if αl 6∈ I,l − r + 2
2
Cl−r+1 if αl ∈ I.
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If X = Dl, then
♯FI =






T ′2(l−r)−lj−1,lj−1 if ♯{αl−1, αl} ∩ I = 1
(l − r + 1)Cl−r +
s−1∑
j=1
T ′2(l−r)−lj ,lj−1 if {αl−1, αl} ⊂ I,
(3(l − r)− 2)Cl−r−1+
s∑
j=1




5.4. Abelian ideals. We have already determined in theorem 4.8 the
number of abelian ideals for type A and C. We shall now enumerate the
abelian ideals of pI using diagrams when g is of type B or D. Observe
that a similar argument ould be used to enumerate abelian ideals in
type A and C.
Denition 5.13. Let p be a positive integer and Rp be the diagram of
shape [p, p− 1, . . . , 1] arranged in the following way :
p︷ ︸︸ ︷ 
p
Proposition 5.14. The number of nw-diagrams of Rp is 2
p
.
Proof. We shall proed by indution on p. If p = 1, the result is lear.
Assume that p > 1 and the laim is true for p − 1. Let b be the box
(1, p) and
E = the set of nw-diagrams of Rp whih do not ontain b,
F = the set of nw-diagrams of Rp whih ontain b.
Then, the number of nw-diagrams of Rp is ♯E + ♯F . Furthermore, by
the indution hypothesis, we have ♯E = 2p−1 = ♯F , and we obtain the
result. 
Denition 5.15. Let p be a positive integer and 1 6 l1 < l2 < · · · <
ls 6 p + 1 be some other integers. Denote by Rp(l1, l2, . . . , ls) the new
diagram obtained by adding to Rp the boxes (li, li − 1), for 1 6 i 6 s.
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Proposition 5.16. Let p be a positive integer and 1 6 l1 < l2 < · · · <
ls 6 p + 1 be some other integers, then the number of nw-diagrams of









Proof. Let Dp(l1, . . . , ls) be the set of nw-diagrams of Rp(l1, . . . , ls) and
Dp(l1, . . . , ls) be its ardinality. Let bs = (ls, ls − 1). Set
E = {S ∈ Dp(l1, . . . , ls); bs 6∈ S}
F = {S ∈ Dp(l1, . . . , ls); bs ∈ S and S \ {bs} ∈ E}
G = {S ∈ Dp(l1, . . . , ls); bs ∈ S and S \ {bs} 6∈ E}
Then we have learly Dp(l1, . . . , ls) = ♯E + ♯F + ♯G.
If S ∈ F , then S ontains all the boxes north-west of bs and the
other boxes of S are stritly north-east of bs, so there exists a bijetion
between F and the set of nw-diagrams of T where T is a diagram whose
shape is a retangle ontaining p− lj +1 olumns and lj − 1 rows. For




ontaining bs. Hene it sues to ount the nw-diagrams of the ret-
angular subdiagram stritly north-east of bs :
p−l1+1︷ ︸︸ ︷ }
l1−1






If S ∈ G, then S \ {bs} is a nw-diagram of L where L = Rp if
s = 1 and L = Rp(l1, . . . , ls−1) if s > 1. So the ardinality of G is the
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ardinality of the set of nw-diagrams in L minus the ardinality of the
set H of nw-diagrams having at most ls − 1 rows. Observe that the
elements of H orrespond to those of E. Hene, by proposition 5.14
♯G =
{
Dp,q(l1, . . . , ls−1)− ♯E if s > 1,
2p − ♯E if s = 1.
The result now follows easily by indution on s. 
Let FabI = {Φ ∈ FI ; iΦ is abelian }. If S is a subdiagram of a dia-
gram, let
τSh = max{k; (h, k) ∈ S},
so (h, τSh ) is the right most box in the h-th row of S.
Proposition 5.17. Assume that g is of type Bl. Let I ⊂ Π be of
ardinality r. Consider Φ ∈ FI and S its orresponding nw-diagram in
T IBl. Then Φ ∈ F
ab
I if and only if
(a) τS1 ≤ l − r if α1 ∈ I,
(b) τS1 + τ
S
2 ≤ 2(l − r)− 1 if α1 6∈ I.








2 ≤ 2l − 1.




2 . The regrouping proess redues the
number of olumns on the left of olumn l of T ∅Bl by one for eah simple
root in I \ {α1}. It follows that Φ ∈ F
ab
I if and only if τ
S
1 ≤ l − r.
The argument is similar for the ase α1 6∈ I. 
Proposition 5.18. Assume that g is of type Bl. Let I ⊂ Π be of








l − r − 1
lj − 1
)





l − r − 1
lj − 1
)
if α1 ∈ I,
where n = s if αl 6∈ I and n = s− 1 if αl ∈ I.
Proof. Reall that T IBl is of shape Tl−r,l−r(l1, . . . , ln), where n = s if
αl 6∈ I and n = s− 1 if αl ∈ I.




Assume that α1 ∈ I, then l1 = 1. By proposition 5.17, S is in the
left hand half of T IBl , so it is a nw-diagram of Rl−r−1(1, . . . , ln). We
then obtain the result by proposition 5.16.
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ated to elements of FabI . Set
P = {S ∈ E; τS1 6 l − r − 1},
Q = {S ∈ E; τS1 > l − r − 1}.
Then, we have ♯E = ♯P + ♯Q.
If S ∈ P , then S is inluded in the left hand half of T IBl, so








For i = l − r, . . . , 2(l − r) − 1, let Qi = {S ∈ Q; τ
S
1 = i} and
Pi = {S ∈ P ; τ
S








For i = l − r, . . . , 2(l − r) − 1, we have an obvious bijetion between
Pi and Qi given by the adding or removing of boxes (1, 2(l − r) −
i), . . . , (1, i). Therefore ♯P = ♯Q and the result follows. 
Proposition 5.19. Assume that g is of type Dl. Let I ⊂ Π be of
ardinality r. Consider Φ ⊂ FI and SΦ its orresponding subdiagram





nw-diagram. Then Φ ∈ FabI if and only if
(a) τS1 ≤ l − r if α1 ∈ I,
(b) τS1 + τ
S
2 ≤ 2(l − r)− 2 if α1 6∈ I.
Proof. If I = ∅, set S = S0, then by [CP1℄, we have Φ ∈ F
ab
∅ if and
only if τS01 + τ
S0
2 ≤ 2l − 2.




2 . The regrouping proess redues
the number of olumns of the left of olumn l of T ∅Dl by one for eah
simple root in I \{α1}. It follows that Φ ∈ F
ab
I if and only if τ
S
1 ≤ l−r.
The argument is similar for the ase α1 6∈ I. 
Proposition 5.20. Assume that g is of type Dl. Let I ⊂ Π be of
ardinality r and l1, . . . , ls be as dened in (12). Set t = ♯({αl−1, αl} ∩
I). If α1 ∈ I, then the ardinality of F
ab
I is :











l − r − 2
lj − 1
)]





l − r − 1
lj − 1
)






l − r − 1
lj − 1
)
, if t = 2.








l − r − 1
lj − 1
)












l − r − 2
lj − 1
)
, if t = 1,




l − r − 1
lj − 1
)
, if t = 2.
Proof. We proeed as in the ase of type Bl but here, we need to take
into aount olumn reversing.
Reall that if t = 0 or 1, T IDl is of shape Tl−r,l−r−1(l1, . . . , ls) and if
t = 2, T IDl is of shape Tl−r,l−r(l1, . . . , ls−1).




of FabI . The shape of elements of S
ab
I is onditioned by proposition
5.19. Let
E1 = the set of nw-diagrams in S
ab
I ,
E2 = (the set of •-nw-diagrams in S
ab
I ) \ E1.
Consider Φ ∈ FabI and S its orresponding subdiagram in S
ab
I .
First assume that α1 ∈ I, then l1 = 1. If S ∈ E1, by proposi-
tion 5.19, S is in the left hand half of T IDl, so it is a nw-diagram of
Rl−r−1(1, . . . , ln), where n = s if t = 0, 1 and n = s− 1 if t = 2. Hene,










If t 6= 0, there is no olumn reversing, so E2 = ∅. If t = 0, the
number of elements of E2 is ♯E1 − ♯(F ∩ E1), where F is the set of
nw-diagrams of T IDl having olumns l − r and l − r + 1 of the same
length.
Clearly, the number of elements of F is exatly the number of nw-
diagrams of the diagram obtained from T IDl by removing the (l−r+1)-th
olumn. So, by proposition 5.19, the set of elements whih are in F∩E1
is in bijetion with the set of nw-diagrams of Rl−r−2(1, . . . , ls). So by
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proposition 5.16, we obtain :








We obtain therefore the result.
Now assume that α1 6∈ I. Set
P = {S ∈ E1; τ
S
1 6 l − r − 1},
P˜ = {S ∈ E1; τ
S
1 6 l − r − 2},
Q = {S ∈ E1; τ
S
1 > l − r − 1}.
Then, we have ♯E1 = ♯P + ♯Q.
First assume that t = 0 or 1. If S ∈ P , then S is inluded in the left
hand half of T IDl, so by proposition 5.16, we have




l − r − 1
lj − 1
)
For i = l − r, . . . , 2(l − r) − 2, let Qi = {S ∈ Q; τ
S
1 = i} and
P˜i = {S ∈ P ; τ
S








For i = l − r, . . . , 2(l − r) − 2, we have an obvious bijetion between
P˜i and Qi given by the adding or removing of boxes (1, 2(l − r) −
i), . . . , (1, i). Therefore ♯P˜ = ♯Q and by proposition 5.16, we have








If t = 1, there is no olumn reversing, so we have the result. If t = 0,
then the number of elements of E2 is ♯E1 − ♯F , where F = E1 ∩
{•-nw-diagrams of SabI }. By proposition 5.19, we have F = Q ∪ P˜ ,
so by the onsideration above, we have ♯F = 2♯Q. It follows that
♯E1 + ♯E2 = 2♯P .
For the last ase t = 2, the shape of T IDl is Tl−r,l−r(l1, . . . , ls−1). If
S ∈ P , then S is inluded in the left hand half of T IDl, so by proposition
5.16, we have









We have E2 = ∅, and Qi is dened for i = l − r, . . . , 2(l − r)− 1. Set
Pi = {S ∈ P ; τ
S








As above, for i = l − r, . . . , 2(l − r)− 1, we have an obvious bijetion
between Pi and Qi given by the adding or removing of boxes (1, 2(l −
r)− i), . . . , (1, i). Therefore ♯P = ♯Q and the result follows. 
Remark 5.21. All the results above depend on the numbering of simple
roots.
6. Remarks
6.1. Exeptional types. In the exeptional types E, F and G, the
number of ad-nilpotent and abelian ideals has been determined by using
GAP 4.
The following tables give the ardinality of FI and AbI for the types
F4 and G2. The subset I of Π is desribed by the symbol • in the
Dynkin diagram without arrow.
I ♯FI ♯AbI I ♯FI ♯AbI
◦ ◦ ◦ ◦ 105 16 • ◦ ◦ ◦ 24 6
◦ • ◦ ◦ 35 12 ◦ ◦ • ◦ 32 10
◦ ◦ ◦ • 49 9 • • ◦ ◦ 10 5
• ◦ • ◦ 8 4 • ◦ ◦ • 12 4
◦ • • ◦ 14 7 ◦ • ◦ • 14 6
◦ ◦ • • 10 4 • • • ◦ 4 3
• • ◦ • 5 3 • ◦ • • 3 2
◦ • • • 3 2 • • • • 1 1









I ♯FI ♯AbI I ♯FI ♯AbI
◦ ◦ 8 4 • ◦ 3 2
◦ • 4 3 • • 1 1
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6.2. Relation with antihains. For Φ ∈ F∅, let
Φmin = {β ∈ Φ; β − α 6∈ Φ, for all α ∈ ∆
+}
be the set of minimal roots of Φ, also alled an antihain of (∆+,6),
see [P℄. It is lear that eah antihain orresponds to an element of F∅
and vie versa.
By a similar proof as in [P℄, we obtain the following proposition:
Proposition 6.1. Let I ⊂ Π be of ardinality r and Φ ∈ FI , then we
have ♯Φmin 6 l − r.
Proof. Let I ⊂ Π be of ardinality r and Φ ∈ FI . Set Γ = Φmin ∪ I =
{γ1, . . . , γt}. Let γi, γj ∈ Γ, then γi − γj 6∈ ∆ by the denition of Φmin
and the fat that Φ ∈ FI . Thus the angle between any pair of distint
elements of Γ is non aute and sine all the γi's lie in an open half spae
of V , they are linearly independent. Consequently, we have ♯Γ 6 r,
and hene ♯Φmin 6 l − r. 
Remarks 6.2. (i) Reall from [CP1℄, that an antihain Γ ⊂ ∆+ is of
ardinality l if and only if Γ = Π. This result has no equivalene in the
general paraboli ase. For example, in B2, the set Φ = {α1 + 2α2} is
an ad-nilpotent ideal of pα1 suh that Φmin = Φ and ♯Φmin = 1.
(ii) Let g be of type Al. Let I ⊂ Π be of ardinality r and Φ ∈ FI ,
then it is possible to show that ♯Φmin = l−r if and only if Φmin = Π\I.
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